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Abstract. A method is proposed for constructing a spline curve of the Bezier 
type, which is continuous along with its first derivative by a piecewise polyno-
mial function. Conditions for its existence and uniqueness are given. The con-
structed curve lies inside the convex hull of the control points, and the segments 
of the broken line connecting the control points are tangent to the curve. To 
construct the curve, we use the approach proposed earlier for constructing a 
parabolic spline. The idea is to use additional points with unknown values of 
some function. Additional points are used as spline nodes, and the function val-
ues are determined from the condition of the first derivative continuity of a 
piecewise polynomial curve. In multiple interpolation nodes, the function takes 
the given values and the values of the first derivative, which are determined by 
the control points. Examples of constructing a spline curve are given. 
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1 Introduction 
The history of constructing and using smooth curves is quite old. The algorithms for 
constructing piecewise polynomial smooth curves of low degrees received rapid de-
velopment with the advent and development of computer technology. On the one 
hand, computers can significantly accelerate the construction of such curves for vari-
ous technical applications, and on the other hand the computers themselves are "con-
sumers" of various algorithms in computer graphics systems [1, 2]. The most fre-
quently Bezier curves, spline curves and B-splines are used for these purposes. 
Curves subsequently called Bezier curves [3, 4, 5, 6] were developed in the 1960s 
independently by Pierre Bezier of the Renault car company and Paul de Castillo of 
Citroën, where they used for the design of car bodies. Bezier curves are used in com-
puter graphics to draw smooth bends, animations and other applications. 
The wide application of Bezier curves for approximation problems is related with 
their convenience as an analytical description and a visual geometric construction. 
With respect to the computer graphics, this means that the user can set the shape of 
the curve interactively, i. e. moving the curve-defining points on the screen. Also 
Bezier curves can be used in cartography when it is required to build a route on the 
map with given initial and end points and which passes near some points 
2 
In work [7], an algorithm is given for calculating the coefficients of a parametric 
spline, which approximates the sequence of experimental data. The Bezier curves 
were used as the approximating spline. 
B-splines [4, 5, 8] is a generalization of Bezier curves. Modeling on the basis of 
inhomogeneous rational B-splines has the advantage over other methods. With the 
help of such splines it is easier to simulate the surfaces of natural objects, as well as 
surfaces that have complexly curved profiles. The models of such splines provide the 
best quality of the rounded edges of objects visualization [8]. 
In the book [9]  an algorithmic processing of Bézier curves and spline curves is 
considered. 
In this publication, we propose and justify an algorithm for constructing a curve 
that has a number of properties of both Bezier curves and spline curves. In connection 
with this, the resulting curve can be called a third-order spline curve of Bezier type. 
2 A constructive method for proving the existence and 
uniqueness of a spline curve 
We consider a certain interval ],[ ba , on which we define the grid 
ba N   ...: 21 . 
At the nodes i  we set the values iF . To construct the curve, we use the approach 
proposed in [10] for parabolic splines. Along with the grid  , we introduce a grid 
NNx xxx   1211 ...: , where .1 iii x   The values of a certain function 
at the points ix  will be denoted by if . 
We introduce the notation 1 iiih  , iii x   
Then iiii hx   1 . Taking these notations into account, we get: 
  iiiiiii hFhFf /)(1    , iiii hFFf /)( 1 .  
We will construct a spline curve of the third order, for which the points i will be 
nodes of the spline, and the points ix will be multiples of the interpolation nodes. To 
construct the curve, we construct a cubic spline of defect 2 on the interval [ ba, ], 
satisfying the following conditions: 
 ii fxS )(3 , (1) 
  ii fxS )()( 3 , Ni ,2 . (2) 
We denote i , Ni ,1  the unknown values of the function )(3 xS at the nodes i  
of the spline, 
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Theorem. Under the conditions 
3
2
3
1  i , where
i
i
i h
  , the interpolation cubic 
spline of defect 2 )(3 xS  for grids x ,   on the interval [ ba, ], satisfying conditions 
(1) - (2), there exists and unique one. 
Proof. To construct a spline, we write the third-order interpolation Hermite poly-
nomial [11] on each of the intervals [ ii  ,1 ], 1,2  Ni . 
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for ],[ 1 iix  . 
It is obvious from the relations (3) - (4) that the condition (1) is satisfied. 
To determine the quantities 1Q and 2Q we use condition (2), i.e. the following rela-
tions must be satisfied: 
 ii fxS )()( 3 ,    113 )()( ii fxS . 
We consider )()( 3 xS   for ],[ 1 iix    
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Similarly we consider )()( 3 xS   for ],[ 1 iix   
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Using the above notation for the steps ih and i , we obtain: 
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wherefrom we get 
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To ensure the smoothness of the resulting curve, that is, the continuity of the first 
derivative, we require the fulfillment of the relation )0()()0()( 33  ii SS  , where 
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  , (12) 
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Equating expressions (12) and (13) and substituting the values 1Q and 2Q  from (9) 
and (11), we obtain a system of linear algebraic equations with a tridiagonal matrix 
for determining i : 
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We write expression (14) in the following form: 
 ,)( 1211 iiii iii CBBA     (15) 
where 
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To close up the system of equations, we add the conditions: 
 11 f ,  NN f . (18) 
 
Obviously, the values CBBA ,,, 21  are positive and 10  i . If AB 1  
and CB 2 , then system (15) will have a diagonal predominance. 
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The fulfillment of the condition AB 1  leads to an inequality 2
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Similarly, the fulfillment of the condition CB 2  leads to an inequality 
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the solution of which is
3
1
1 i . 
If 
3
1i , then AB 1 and CB 2 . If 3
2i , then AB 1 and CB 2 , where-
from CABB  21  
 
Thus, the system of equations (15) - (18) has a diagonal predominance, from which 
implies the existence and uniqueness of its solution [12]. The theorem is proved. 
3 Examples of calculations 
Let us illustrate the computational properties of the obtained curve using the follow-
ing examples. 
Example 1. Let a net function be defined on the interval [1,11 ]: 
xi 1 2 3 4 5 6 7 8 9 10 11 
Fi 1 3 3 1 2 7 1.5 1 10 2 1.5 
The points (xi, Fi), by analogy with the terminology accepted for Bezier curves, 
will be called control. Figure 1 shows the results of calculating the spline curve ac-
cording to the proposed algorithm. In the figure, the control points are indicated by 
dots, the broken line connecting them are indicated by dashed line. The solid line is 
the spline curve constructed. It can be seen from the graph that the constructed curve 
lies inside the convex hull formed by the control points. 
7 
 
Fig. 1. 
 
Example 2. Consider a grid function on a segment  1,0 : 
xi 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
Fi 0 0.3 0.4 0.458257569 0.489897949 0.5 0.4898979495 0.458257569 0.4 0.3 0 
 
The control points lie on the semicircle given by the equation: 2xxy   , 
10  x . The results of the construction are shown in Figure 2. The notation in this 
figure corresponds to the notation in Figures 1. This example demonstrates a good 
possibility of approximating of the semicircle arc using the proposed curve. 
4 Conclusions 
An algorithm for constructing and justifying a third degree spline curve of Bezier type 
is given. The resulting curve has the properties of both a spline and a Bezier curve. 
The algorithm allows us to construct a uniform piecewise polynomial function that is 
continuous along with its first derivative on the whole interval. The curve has the 
third degree, regardless of the number of control points. The above examples demon-
strate good approximation properties of the curve, which, according to the authors, 
can find application in computer graphics systems. 
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Fig. 2. 
References 
1. Rogers, D. F., Adams, J.A. Mathematical elements for computer grafics. 2nd ed. McGraw 
Hill Publishing Company, New York, (1990). 
2. David Salomon. Curves And Surfaces for Computer Graphics. Springer (2006). 
3. Bezier P.E. Example of an Existing System in the Motor Industry: The Uniserf System. 
Proc. Roy. Soc. (London), vol. A321, pp. 207–218 (1971). 
4. Kononiuk A.E. Discretely continuous mathematics. Book 6. Surfaces. Part 1. Oswita  
Ukrainy, Kyiv (2013). 
5. Forrest A.R. Interactive interpolation and approximation by Bezier polynomials. The 
Computer Journal, 15(1), 71–79 (1972). 
6. J. Gallier. Curves and surfaces in geometric modeling: Theory and algorithms. Department 
of Computer and Information Science University of Pensylvania, Philadelphia (2015).  
7. Vishnevsky, V. V., Kalmykov, V. G., Romanenko, T. N. Approximation of one-two- and 
three-dimensional arcs of curves by parametric splines. Mathematical Machines and Sys-
tems, (4), 57–64 (2015). (In Russian). 
8. Chirikov, S. V. Computer graphics algorithms. St.Petersburg GITMO (TU), St.Petersburg 
(2001). (In Russian). 
9. Heart, D., Baker, P. Computer Graphics with OpenGL. Third Edition. Prentice Hall 
(2004). 
10. Stelya O.B. The existence of a parabolic spline. Journal of Numer. & Appl. Mathem., (1), 
62–67 (1997). (In Ukranian). 
11. Bakhvalov,  N. S. Numerical methods. Nauka, Moscow, (1975). (In Russian). 
12. Samarsky, A. A. Theory of difference schemes. Nauka, Moscow, (1977). (In Russian). 
 
